Test 3 Solutions,
Differential Equations,
Dr. Howard, Spring 1999
1. Linear independence/dependence.

a. Show directly (by looking at linear combinations) that the following functions are dependent
on the whole red line:

f(x) = 2-x2,
g(x) = 1+ x2, and
h(x) = 7+ x2.

Be sure to justify your answer.
Answer: 2f(x) + 3g(x) — h(x) = 0, so the functions are linearly dependent.

b. Usethe Wronskian to show that the functions are linearly independent:

y: = e and
Yo = e3x .
2X 3X
Answer: W(y1,Y2) = = 3e™ - 2e™ = e # 0 sothefunctions are linearly
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independent.

c. Determineif the following functions are linearly dependent or linearly independent:

f(x) = e,
g(x) = e, and
h(x) = snh(x).

Answer: h(x) = %e" - %e‘x = %f(x) - %g(x), so the functions are linearly dependent.

2. Find the general solution of the differential equation 2y" — 7y’ —4y = 0.

Answer: Y(X) = c1e7X/2 + ce™

3. Thedifferential equationy” + 4y = 12x has complementary solutiony. = ¢; C0S2X + C, SiN2x
and a particular solution y, = 3x. Use thisinformation to find the solution to the
nonhomogeneous differential equation with initia conditionsy(0) = 5andy’'(0) = 7.

Answer: y = 5c0S2x + 2s9n2x + 3x

4. The Method of Undetermined Coefficients (MUC).
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a. Usethe MUC to determine a particular solution of the nonhomogeneous differential
equationy” + 4y = 3x.

Answer: yp = %x

b. Set up the appropriate form of a particular solution y,, using MUC (you do not have to solve
for the values of the undetermined coefficients), to the differential equation
y® +y" = 5eX + 2x2 given that the complementary solution isy, = C; + CoX + cze™™.

Answer: y, = Ae* + x%(B + Cx + Dx?)
5. Consider a mass-spring-dashpot system for whichm = 1, ¢ = 6, and k = 13.

a. Find the genera solution of the corresponding second order differential equation.

Answer: X(t) = c1e7cos2t + c,e'sin2t

b. Isthe system over-damped, under-damped, or critically damped?

Answer: The system is under-damped since c2—4km = —16 < 0 (and solutions oscillate).



