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Twin Problems on Non-Periodi
 Fun
tionsEugen J. Ionas
u

1 IntroductionTwo very similar problems were proposed in the Ameri
an Mathemati
alMonthly by P.P. Dalyay.Problem 11111. ([3℄) Let f and g be non
onstant, 
ontinuous periodi
 fun
-tions mapping R into R. Is it possible that the fun
tion h on R given by
h(x) = f

(

xg(x)
) is periodi
?Problem 11174. ([4℄) Let f and g be non
onstant, 
ontinuous fun
tions map-ping R into R and satisfying the following 
onditions:1. f is periodi
.2. There is a sequen
e 〈xn〉n≥1 su
h that lim

n→∞
xn = ∞ and lim

n→∞

∣

∣

∣

∣

g(xn)

xn

∣

∣

∣

∣

=

∞.3. f ◦ g is not 
onstant on R.Determine whether h = f ◦ g 
an be periodi
.The solutions to Problem 11111 and Problem 11174 appeared in [5℄ and[8℄. In this note we are going to 
onsider a new question whi
h is similarto but more general than ea
h of these problems. The proofs here are basedon a parti
ular 
ase of the well-known Stolz-Ces �aro Lemma and on the fa
tthat a 
ontinuous periodi
 fun
tion on R is uniformly 
ontinuous. The useof the latter idea is not new as it was used in the published solutions ofthese problems. On the other hand, the use of the Stolz-Ces �aro Lemma is agood example of where an old tool from analysis appears unexpe
tedly (see[1℄, [6℄, [7℄, and [10℄). L'Hospital's rule, whi
h is well known to 
al
ulusstudents, is its \di�erentiable" 
ounterpart.For ea
h version of L'Hospital's rule, there is an analogous versionof the Stolz-Ces �aro Lemma. For example, one version of L'Hospital's Rulestates that if f and g are two di�erentiable fun
tions on (a, ∞) su
h that
lim

x→∞
f(x) = lim

x→∞
g(x) = ∞ and lim

x→∞

f ′(x)

g′(x)
= L, then lim

x→∞

f(x)

g(x)
= L.The Stolz-Ces �aro analog of this version of L'Hospital's Rule is: For twosequen
es 〈xn〉n≥1 and 〈yn〉n≥1, if lim

n→∞
xn = ∞ and lim

n→∞

yn+1 − yn

xn+1 − xn

= L,then lim
n→∞

yn

xn
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Indeed, one may think of the derivative y′(a) as a spe
ial quotient

y′(a) =
y(a + δ) − y(a)

δ
, where δ takes its smallest possible in�nitesimalvalue. In the dis
rete 
ase we write yn = y(n) for n ∈ N, and we let

δ take its smallest value, namely δ = 1, to obtain the dis
rete derivative
y′(n) =

y(n + 1) − y(n)

1
= yn+1−yn. Thus, lim

n→∞

yn+1 − yn

xn+1 − xn

= L indi
ates(in this interpretation) that a ratio of dis
rete derivatives tends to L.The following problemmay be solved by applying both the Stolz-Ces �aroLemma and L'Hospital's Rule. We in
lude it for the interested reader.Problem Let x0 ∈ (0, π) and de�ne the sequen
e 〈xn〉n≥0 by the re
ursion
xn+1 = sin xn, n ≥ 0. Show that lim

n→∞
xn

√
n =

√
3.

Solution The required limit is equivalent to lim
n→∞

1/x2
n

n
=

1

3
. By the Stolz-Ces �aro Lemma, it suÆ
es to show that

lim
n→∞

1

x
2
n+1

− 1

x2
n

(n + 1) − n
=

1

3
,

or equivalently
lim

n→∞

(

x2
n

− sin2 xn

x2
n

sin2 xn

)

=
1

3
.

Sin
e 0 < sin x < x whenever x ∈ (0, π), the sequen
e 〈xn〉 is de
reasingand bounded below by 0 and so it 
onverges to a limit ℓ ∈ [0, π). This limit
ℓ satis�es sin ℓ = ℓ, hen
e ℓ = 0.Thus, it suÆ
es to show that lim

x→0

x2 − sin2 x

x2 sin2 x
=

1

3
, whi
h 
an be doneby applying L'Hospital's Rule:

lim
x→0

x2 − sin2 x

x2 sin2 x
= lim

x→0

(x − sin x)(x + sin x)

x2 sin2 x

= lim
x→0

(

x − sin x

x3

)

lim
x→0

(

1 +
sin x

x

)

lim
x→0

(

x

sin x

)2

=

(

lim
x→0

1 − cos x

3x2

)

· (1 + 1) · 12

= 2 lim
x→0

sin x

6x
=

1

3
.

We will use a variant of the Stolz-Ces �aro Lemma to prove our maintheorem, where we weaken the 
onditions in Problem 11174 but obtain thesame 
on
lusion.
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Theorem 1 Let f and g be non
onstant, 
ontinuous fun
tions from R into Rthat satisfy the following 
onditions:(i) The fun
tion f is periodi
.(ii) There exist sequen
es 〈xn〉n≥1 and 〈yn〉n≥1 su
h that

inf
n

|xn − yn| > 0 and lim
n→∞

∣

∣

∣

∣

g(xn) − g(yn)

xn − yn

∣

∣

∣

∣

= ∞ .
Then the fun
tion h = f ◦ g is not periodi
.
2 Some Facts from Real AnalysisThe variant of the Stolz-Ces �aro Lemma that we will use is stated next.Lemma 1 Let 〈an〉 and 〈bn〉 be two sequen
es su
h that 〈bn〉 is in
reasing and
lim

n→∞
bn = ∞. If lim

n→∞

an

bn

= ∞, then lim sup
n→∞

an+1 − an

bn+1 − bn

= ∞.For 
ompleteness we in
lude a proof of Lemma 1 along 
lassi
al lines.Assume to the 
ontrary that γ = lim sup
n→∞

an+1 − an

bn+1 − bn

< ∞. Then thereexists n0 ∈ N su
h that for n ≥ n0 we have
an+1 − an

bn+1 − bn

≤ γ + 1 ,or equivalently
an+1 − an ≤ (bn+1 − bn)(γ + 1) , (1)for n ≥ n0. Adding up the inequalities in (1) for n = k, k + 1, . . . , l, where

n0 ≤ k < l, we obtain
al+1 − ak ≤ (bl+1 − bk)(γ + 1) .For suÆ
iently large l the term bl+1 is positive and we may divide the lastinequality by bl+1 and then let l → ∞. Using the hypothesis we then obtain

∞ ≤ γ + 1, a 
ontradi
tion.We now re
all that a (real- or 
omplex-valued) fun
tion with domain
D ⊂ R is uniformly 
ontinuous on D if for ea
h ǫ > 0 there exists a δ > 0su
h that |f(x) − f(y)| < ǫ whenever x, y ∈ D and |x − y| < δ. Thefollowing basi
 fa
t about 
ontinuous fun
tions on a 
losed interval is all weneed, though it 
an be generalized 
onsiderably (see [9℄, Theorem 4.19).Theorem 2 Every 
ontinuous, real-valued fun
tion whose domain is a 
losedinterval D = [a, b] is uniformly 
ontinuous on D.As an easy 
onsequen
e of this theorem, we have
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Corollary 1. Every 
ontinuous, periodi
 fun
tion f on R is uniformly 
ontin-uous.This 
an be seen by applying Theorem 2 to the restri
tion of f to the
losed interval [0, 2T ], where T > 0 is a period of f. That is, given ǫ > 0,by Theorem 2 there is a δ su
h |f(x) − f(y)| < ǫ whenever x, y ∈ [0, 2T ]and |x − y| < δ. Thus, if x, y ∈ R and |x − y| < δ, then there exist integers
n and m su
h that both x1 = x − nT and y1 = y − mT are in [0, 2T ] and
|x1 − y1| < δ, so that |f(x) − f(y)| = |f(x1) − f(y1)| < ǫ.The idea of our proofs is to show that the fun
tion h is not uniformly
ontinuous. It then follows from Corollary 1 that h is not periodi
.Let us see how Problem 11111 
an be solved using Theorem 1. Sin
e gis not 
onstant there exist a and b su
h that g(a) − g(b) 6= 0. Let T > 0 be aperiod of g, and de�ne the sequen
es 〈xn〉n≥1 and 〈yn〉n≥1 by xn = a+nTand yn = b + nT . Then |xn − yn| = |a − b| > 0 and

lim
n→∞

|xng(xn) − yng(yn)|
|xn − yn|

= |a − b|−1 lim
n→∞

∣

∣ag(a) − bg(b) + nT
(

g(a) − g(b)
)
∣

∣ = ∞ ,whi
h says that f and the fun
tion g1 on R given by g1(x) = xg(x) bothsatisfy the 
onditions (i) and (ii) in Theorem 1, hen
e, h = f ◦ g1 is notperiodi
. We have solved Problem 11111.To show that Problem 11174 
an be solved using Theorem 1, we needthe weaker version of the Stolz-Ces �aro Lemma given in Lemma 1.Let us assume that f , g, and 〈xn〉n≥1 satisfy the three 
onditions inProblem 11174. There is a subsequen
e 〈xnk
〉k≥1 of 〈xn〉n≥1, su
h that

xnk+1
− xnk

≥ 1 for all k, and for whi
h either lim
k→∞

g(xnk
)

xnk

= ∞ or
lim

k→∞

g(xnk
)

xnk

= −∞. Without loss of generality we may suppose the for-mer, be
ause the latter 
ase follows from the former 
ase by repla
ing g with
−g and f with f1(x) = f(−x), x ∈ R. By Lemma 1 we have

lim sup
k→∞

g(xnk+1
) − g(xnk

)

xnk+1
− xnk

= ∞ ,
whi
h proves the existen
e of the two sequen
es in the hypothesis (ii) ofTheorem 1. Hen
e, Theorem 1 
an be applied to f and g and we dedu
e that
h = f ◦ g is not periodi
. We have solved Problem 11174.
3 Proof of Theorem 1Let f and g satisfy the hypotheses of Theorem 1. Sin
e g is 
ontinuous andsatis�es 
ondition (ii), the interval In = g

(

[xn, yn]
) (or In = g

(

[yn, xn]
))
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has length greater than the period T of f for suÆ
iently large n. Hen
e,
f and h = f ◦ g have the same range. Sin
e f is not 
onstant, h is not
onstant. Therefore, there exist α and β su
h that f

(

g(α)
)

6= f
(

g(β)
), andwe let ǫ0 = |f

(

g(α)
)

− f
(

g(β)
)

| > 0. As we said in the introdu
tion, thekey idea is to prove that h is not uniformly 
ontinuous. In fa
t, we will showthat the de�nition of uniform 
ontinuity is not satis�ed for this ǫ0.We �x n ∈ N large enough so that |g(xn) − g(yn)| > 2T , and wedenote by ♯
(

g(α)
) the number of integers k for whi
h g(α) + kT is in In. Itis then easy to see that
♯
(

g(α)
)

>
|g(xn) − g(yn)|

T
− 1 > 1 .Similarly, we denote by ♯

(

g(β)
) the number of integers k for whi
h g(β)+kTis in In. Similarly, we have ♯(g(β)) > 1.It is 
lear that the values g(α) + kT , k ∈ Z, interla
e with those of

g(β) + kT , k ∈ Z. Using again the fa
t that g is 
ontinuous and by repeatedappli
ation of the Intermediate Value Theorem, we 
an �nd two �nite se-quen
es 〈uk〉 and 〈vk〉 in the interval [xn, yn] (or [yn, xn]) both in
reasingand interla
ing and su
h that g(uk) = g(α) + lkT and g(bk) = g(β) + skT ,with lk, sk ∈ Z. The number of intervals of the form [uk, vk) (or [vk, uk)) isat least
M = min

{

2
(

♯
(

(g(α)
)

− 1
)

, 2
(

♯
(

(g(β)
)

− 1
)}

≥ 2 .These intervals form a partition of a subinterval of Jn = [xn, yn] (or of
Jn = [yn, xn]) of length |xn − yn|. Then one of these intervals has length atmost |xn − yn |

M
. We denote su
h an interval by [ζn, ηn] and noti
e that

|ζn − ηn| ≤ |xn − yn|
M

<
|xn − yn|

2

( |g(xn) − g(yn)|
T

)

− 4

=
1

2

T

( |g(xn) − g(yn)|
|xn − yn|

)

− 4

|xn − yn|

→ 0 as n → ∞ , (2)
and ∣∣f(g(ζn)

)

− f
(

g(ηn)
)
∣

∣ = ǫ0. Given δ > 0, we may 
hoose n so largethat |ζn − ηn| < δ. This 
an be done be
ause of (2). For su
h an n we stillhave |h(ζn)−h(ηn)| ≥ ǫ0, whi
h proves that h is not uniformly 
ontinuous.
4 ConclusionWe would like to leave the reader with a natural question: Can Theorem 1be generalized to almost periodi
 fun
tions? There are various 
on
epts ofalmost periodi
ity, but here we will only give Bohr's de�nition:
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A 
ontinuous fun
tion F : R → R is said to be almost periodi
 if forall ǫ > 0, there is an L > 0 su
h that every interval of length L 
ontains an

ǫ-period, that is, a number T su
h that |F (x+T )−F (x)| < ǫ for all x ∈ R.What is interesting and related to the question above is the fa
t thatevery almost periodi
 fun
tion is uniformly 
ontinuous (see [2℄).
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