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§1. INTRODUCTIOX

In the present paper we give new proofs to some results in [{],
where 8t. Frunzid uses techniques from the decomposable operator theory.
Qur approach is different and is based on the well-known theorems of
tactorization for nonnegative operator valued functions (see [7], [8]).

The proofs have an algebraical character with a few exceptions.
Therefore, the facts can be presented in an arbitrary C*-algebra and we
will mention that when it will be the case.

To be tore precise, let J# be a complex Hilbert space and L(#) the

algebra of all bounded linear operators on . The connection between
the&e two types of decomposition, will be made with the aid of the map

L{#' =2 T— by, where Op:[R - L(H#) is defined by Pt} =
= exp(—it T*) exp {it T) for every f = [R

Thiz muap is a very well-known one (see [7], [8]). It i3 clear that
@r(t) = 0 for all veal ¢, and if T e L(#) have in addition some properties,
these ones will be reflected by @7 in some way and reciprocally. In our
case Dr satisfy the followi 1nrr theorem from [?] (th. 3.3):

TruorEM A, Let P(t)= E Pi! be a polynomial whose eoeffwzmts
=0

are operators on # and wh:ch s nonnegative on R. Then P = Q*Q whera
Q iz an outer function on R of the form Q1) = Y, Q' for some operators
i=0
@ @iy~ - @ on.
This must happen if T has a Jordan decomposition, T =N + @,

where N e L{#) is 2 normal operator and ¢ a nilpotent operator of some
order %k which commutes with 2

In the case I = 2, we glve an independent elementary proof and
accurate formulas for ¥ and ¢ as functions of T and 7*. Unfortunately,
in the general case such formulas seem to be very complicated.

§2. PRELIMINARIES
The commutator (T, §) of two operators T, § € L(H#) is the opera-
tor defined on L(H#) by O(T, §)X = TX — X§ forall X € L{#). Follow-
ing [2] we define the relation », on L{¥) by :
(1) Tn, S it CXT, 8) (I) = 0-(k e N*}
and I being the identity operator on #.
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) An operator T € L(#) will be called Jordan operator ot order
if it has a decomposition 7 = { 4 N, where 4 is selfadjoint and 2
€ L(3) a nilpotent of order &, commuting with 4. It is easy to see tl

@) CHT, SNI): = (T — Syt = T* — (f)r*-ls+ s
4+ (—1)"8* (ke ¥*)

and

(Sj | exp(zT) exp(—28) = [ + E (T — S)Ul-?;

i=1 1

for all ze €. If T n, § for some %, then the above entire function mt
be polynomial. A3 we have already seen, ®r and @+ are nonnegative oper
tor valued functions on R, which are given by :

{4) Dr(t) = exp(—it T*) exp (it T)
(5) Ore(l) = exp (—it T) exp (it T™

It T*n, T for some k € N*, it i3 not compulsory that Tw,T*, as shov
in [5], by considering in the place of T, the multiplication with t
variable en a weighted Sobolev space on [R, restricted to an invaria
subspace.
If &7 is polynomial, since ®r is nonnegative, it must have ev
Oz(t)

2n+1
‘degree. Indeed if ®7(l) = ¥, Pt/ then P,y ,, = lim ——— implies P,,,,
B fmy

= t2n+].
> 0 and alze Py, = }1m dr(2)/12"*! < 0,hence P,,,; = 0. By definition
' s -0l

T e L(#') are qﬁaainilpotent equivalent and we write § ~ T if lim[{(S
— TM|» = lim (T — S)|V* = 0.

#3. THE GOAL OF THIS SECTION IS TO PROVE THE FOLLOWIXN G
THEOREM WHICH CHARACTERIZES THE JORDAN OPERATONS IN TERM S OF T AND

THEOREM 3.1. Let TeL(#) and ke N*. The following two co
ditions are equivalent : |

(i T is a Jordan operator of order k

(i) T*nyy T and Ty 1 T* (see (1)).

If (i) holds, T = A + ¥ where 4 = A* and ¥ is nilpotent
order k& commuting with 4, Then we have

CH=YT* TH) = C*-YN*, N)(I) =0

corregsponding to (2) and the faet that ¥* = ¥+ = 0,
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Hence (ii) follows. Obviously & = 1 is a trivial case, For the con-
verse we give first the proof of the case k = 2, since as we say, the
treatment is elementary and we get exact formulas for A and N a3
functions of T and T*.

According to the observation made in §2, (ii) implies that there
are equalities:

@p(t) = I + A+ At and ®re(t) = I + Byl + By* for all 1 R
where

A, =By ={T*—T), A;—— % (T? — 9TT* + T*,

B, = ~—;-(T*2— 2T*T 4 T¢

From the fact that @o(i)Pr+(1} = Or{({)0r(t) = I for every real i, it
follows .
(6) A.B; = B;4, =0, 4;B, 1+ A.B, =0, 4, + A\B, + B; =0,
8o that
() A, + By, = A? == I,
Let € = iB,(A, — B,), which is selfadjoint since from (6}
C* = —i(d, — By)B, =— i4,B, + iB 4, = C.

Then there exists R = CV3, the selfadjoint cubic root, obiained by the con-
tinuous functional ecalculus for normal operators.

Let us show that the operator
1
2

(8) N =—(id; + R)

is the desired nilpotent of order 2. First of all, let us check the next
two properties of R

(9) IR* = -&‘1? and Il)xi.] + AIR = (.
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Indeed we may write the sequence

R® = 05 = (% = [By(4; — Ba)(4, — BB, =
= (B4} + BB = [By(d, + BB " =
= [BI}” = 43,

Certainly we have used again relations (6).

For the second equality from (9), let us take a sequence of poly-
nomials (P,) with P,{0) =0 uniformly convergent on the spectrum
of €, to the map ¢ — #/3,

Hence, it is easy to see that P,(C)B, + B,P,(C) = 0 for all nonne-
gative integers n. Then, after passing to the limit, we get R4, + AR =0,

Therefore, equalities (9) imply that

Nt =1/4[R* — A} + «RA, + A,R] = 0.

To finish the proof, it is enough'to shéw that the operator 4 = T —
— N is selfadjoint and commutes with ¥. Let us notice that ¥ ecan’
be written in the form

{10) N=1/2{T — T* — (T — T*}TT* — T*T)/3}
and then A has the form
(11) A =1/2 (T4 T* 4 [(T — T*(TT* — T*T)}s)

For commutativity we use the following lemma which has, in some,
way, an independent character

LEMMA 3.2. Let & < I(H) be a C*-algebre, M(H) = {N' Nesf
N2 = 0} and the maps o,, a_ defined by
(12) 6. (N) = 1/2[N—N* L (N*N)12 2 (NX*)Y2] for all N e 4" (A). Then
we haue

1) o (N (H)) = A7)
(ii) g,° 0 = g2 g, =1id

(ili) N e #(4) commutes with a selfadjoint operator 4 € L(#) if and
only if A commutes with N — N* and N N*(or N*N).

Proof. Let us denote by R, == (N*N? — (NN*)¥2 Then 462 (N)=
={(N —N*2 L R L (N —N®)B, + R(N — N% — 0 if we show
that R 4+ (N — N*)2 =0 and (N —N*)R, 4~ Rj(N — N*) =0. We
choose analogously a sequence of polynomials (@,)us0, with @,(0)=0
uniformly convergent on the interval [0, {N|?] to the function {-» V2.
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Hence, for every nonanegative integer x, it is not. ditficult to see
that we have the equalities:

QuUN*N)QuIN*) = 0, NQuN*N) = Qu(NN*)¥
and
NQ,.(NN*) = QI(N*N)N = 0.
Then, after passing to the limit, it follows that
(NN FNHY2 = 0, N(N*NW2 — (NN*2 N and N(¥V*}? .
Finally, these relations imply the desired ones:
(13) R = NN* 4+ N*N —=—(N¥N — N¥)%, Ry(N — N*) -+ (N -
— ¥NYR, =0
Analogously ¢.(¥)* = 0. This shows (i)
For the pomt (ii}, let us compute o_{o.(N hE

a(a,(N)) =

tol»—-

(6.(N) — o (¥
1 1 L
Loy o, (N4 (5N, (1T = 5 (¥ = % — [l e, 1 +
+ [o, ot M),
This time, from {(13) we have
ote, =1 B — (¥ = Y9 = (¥ — ¥*)Ro + R(¥ ~ ¥*)] -
‘ v

[NN* + N*N — (¥ — N*)R,] =

£ |

=—::t—[7\"-|- V*|..-( V*)]z .
v;vheré. [N -+ N*I — tNN# + N'*N)_”’,&‘; Analogouqu
ovof =5 [ + N*| £ N + N

and by the umquenes of the nonnegative square root we infer that
l

(c+6+)‘ =-—-(|N + V’"l — N —N*), (0,03) = S (IN+ N*|+ N+ V%),

o | =

Therefore o_{as,.(N)) ;:-l (N - N*+ N+ N*) = N which proves (ii).
The equivalence from (iii) is easy to prove, in one way. Let us

suppose that the selfadjoint operator 4 commutes with ¥ — N* and

N*N. Then 4 commute with NNV*, since NV* + N*¥ 4- (¥ — %)t =
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Hence, 4 commutes with (N*¥)2 (N¥N*¥2 and then with o.(N) and
sf(N). Finally, A commutes with o.(o,(N)) = N as required.

Returning to the proof of Theorem 3.1, on the account of the
above lemma, we must show that A commutes with ¥ — N* — T —
— T* and NN#*,

Using (11), the commutation with T — T* becomes

20TT* — T*T) = i{RA, — A,R) which, by equalities (9), this is
the same with:

(14) iRA, = T*T — TT*,
From this we obtain :

~iRARARA, = iR*4, = (T*T — TT*)3
But R?=1iB{A4; — B,) and then
iR%4} = —B{A, — B,)4} = (B, — 4,)4! —
= (By — 4;(By + 45) = (B, — 4,)°

and here again by (9), B, — A, = T*T — TT*.
Hence, (14) holds.

To prove the commutation with ¥N¥N* we use the identities ful-
filled by T: :

CYT*, TYI) = OXT, T*}I) =0
More precizely we have
OT, T*WI) = TXT — T*) — 20(T — I*)T* 4- (T — T*)T** =0

and replacing T = 4 + ¥ and using the fact already proved, that A
commute with ¥ — N*, we obtain the desired equality : ANN* = NN*4.

Let observe that the formulas (10) and (11) which give the operators
A and N as functions of T and T*, are specific to one case of non-
commuting functional caleulus,

Now, we consider the general case of Theorem 3.1. From (ii),
we get that the maps ¢ and @7« are polynomials of degree at most 2k—2.

Hence, as we said, we apply Theorem A of factorization from [7)
due to Rosenblum and Rovnyak, which generalizes the analogous classi-
cal result of Féjer and Riesz.

Moreover, we need the following variant of Theorem 2.4 from [T7],
concerning the uniqueness of such factorization.

THEOREM B. Let @, and G, be two operator valued outer funciions on R.
(in the sense of [T]). _
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(i) We have G¥G, = G1G, a.e. if and only if G, =06,

G, = U*G, a.e. where U is a (constant) partial isometric operator on X,

(il) If G*G, = G1Gy, for continuous Gy, Ga, and Gy(lg) = G.lty)
for some fized t, &R, then Gy = G,.

The proof of this variant i3 obvious, via the original result from

{7l
By these theorems, there are unique polynomials u and # whose

coefficients arve operators on X, sach that

(13) Go(t) = UXt) w(t), Or(t) = o(t) v*(r) for all teR.
{16) u(O) = 0(0) = I, ‘tt(t) =‘il th’, ’b'(t) =kil V;t’
=0 j=0

and #. ¢ are outer functions on R (in the sense of [71).
Let us show first that #(t) »(f) = v(t)} w(l) = I for every real t.
Since Op(t) Ore(t) = Qret) Pr(t) = I, we have:

k(1) u(t) vt) v*(t) = o(t) v™(t) wH) u(ty = I (teR)

But for small ¢ > 0, u(t) and »(?) are invertible operators. That implies
the next equalities :
{17) () u(t))*u(t) () = u(t) u{t) (u(?) w(t)* =1

We know that u(t) #(i) = i; W, for some integer ¢ > 0 and W,e
_ f==0
€ I(#). From {17) we see that W*¥, = 0 if s > 0. This implies the fact
that ;= 0 for j > 0 and then
u(t) o(f) = v(t) ut) =1
in fact for all teR.
Now, for t and s in R we can write, by (13)
u*(t -+~ s)u(t + 8) = exp (—is T*)u*(?) u(t) exp (is T) or
(18) u*{t + s)ult + 9) = [u{s) exp(—is T) u(t) exp (is T)* u(s):
-exp(—is Thu(t) exp(is Ty.

Let us observe that the map ¢t — u(8) exp {—is Tyu(t) exp (is I,
for very fixed s €[R, is the pontangential lirnit of some outer function

on the half-plane y > 0 to R (in sense of [7]).
This happenes since if G i8 outer on R and X € L(#) then it is also

true for the maps t — XG{t) and ¢t — G(1)X. Therefore (18) and Theorem
B (ii) give us the following

(19} u(t + 8) = u(s) exp (—is T)u(t) exp(is I).
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It we differentiate (19) with respect to s, and evaluate it at y = 0 we
get
(20) W) = wou(+ ifu(t), T
where [4, B] —~ AB - B4 for A, Be L(#).

~ From (15), an identication of coefficients gives I7* 1 Uy, =il —
—iT* or T + tUy = (T + iU,)*. Then we can define the selfadjoint

operator 4 = T + i, and ¥ — —il,.
Solving equation (20) with these new notation we have

{21) u(t) == exp (—it 4) exp (it 7).
Then if we invert this, we get
(22) - o) = exp (—it T) expit 4)

Now, let us write that u and o are polynomials of degree at most

(23) C(4, TXI) = CXT, A)I) = 0

For k = 2 it is easy to see that (23) implies the commutation of A and
T. This is true in general and we sketch the proot for % = 3, since it
goes analogous for every k. Therefore (23) becomes

(24) A% — 3427 4 34T2 — 73 _ T? —3T%°4 4 3T4%* — 42—y

Since A is selfadjoint, there exists a Spectral measure E concentrat-
ed on R (see [6]) which gives a spectral resolution of the identity
E(t) = E({—c0, t]) and we have the representation

4= ész(z)

Let ¢ =[a, ] and o = fe, d] two closed and disjoint intex_'vals
and v,, v, two closed Jordan curves, which surround ¢ and o respectively
and have no intersection. Then we get

. 1
B(w) = 2?Sﬂama

Ts

where f(E) = SE_—I_t Xolt) AE(t) is analytic on €\,
[

Now, we use some ideas from [2] where we can tind a generalization
of the present result:
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PROPORITION 3.3, Let T EL(X)and A ¢ L(s#) selfadjoint such that
T A A Then T and 4 commule.

By computations fiom (24) the furotion FE)==f(E)— z 1_"4 &)+
+ u J"(E) satisfies tke equality (£ — T)f(8) =E(u) for £ eMo

2!
and then the map g(§) = T/ (E) — ’A; z I7'E)+ j«-i_g_'i’_fﬂ I7/"(E) sa-

tisties the equality (£ — 4)g(£) = TE(w) for all £ e € ‘. Then we have

H
E(0)TE(w) = 2%15“ — 4) () TRt = ﬁsaca)yca)da*—-o N

Sinoe w is arbitrary in E\g¢, this implies that E{(e)T(I— E{s))=0,
The same is true for 7* and then TE{s)=E(s)T or equivalently 74 wm
= AT. The proof of Proposition 3.3 can be made in the same fashion,
Returning to the proof of Theorem 3.1, since 4 and T commute, (23)
58y8 that N =T — 4 is Dilpotent of oider % and that finishes the im-
plication (i) = (i),

Lemma 3.2 is in fact inspired from the work of Helton [5].
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