A NEW CONSTRUCTION OF WAVELET SETS
EUGEN J. IONASCU

ABSTRACT. We show that the class of (dyadic) wavelet sets is in one-to-one correspondence
to a special class of Lebesgue measurable isomorphisms of [0, 1) which we call wavelet induced
maps. We then define two natural classes of maps WZ; and WZ, which, in order to simplify
their construction, retain only part of the characterization properties of a wavelet induced
map. We prove that each wavelet induced map appears from the Schroder-Cantor-Bernstein
construction applied to some v € WZ; and v € WZ,. Consequently, the construction of
a wavelet set is basically equivalent to the easier construction of two maps u € WZ; and
v € WI,. Some older results on wavelet sets are recovered using this new point of view.
The connectivity result of Speegle ([21]) is recaptured and the completeness in the natural
metric of the class of wavelet sets is reestablished. Although these ideas seem to generalize
to more than one dimension, specific examples are given only in the one dimensional case.

1. INTRODUCTION

In [9] the authors introduced the notion of wavelet set which turned out to be one the
building blocks of their approach to wavelet analysis from an operator theory point of view.
At the same time and independently the notion of wavelet set appeared as the support set
of so called MSF-wavelets (minimally supported frequency) in a series of papers: [12], [14]
and [15] (see also the excellent book [16]).

The idea of starting with a wavelet set is probably the simplest way to construct a wavelet.
Wavelet sets have been generalized to n dimensions (see [10] and [11]). The important result
of the existence of wavelets for unitary systems having an expansive dilation matrix was
based on the existence of wavelet sets. These ideas were taken into the realm of frame
theory and the notion of wavelet set was generalized even further to frame (tight frame or
normalized tight frame) wavelet sets in [4], [5], [6]-[8]. In [3] the authors give a very ingenious
description of how one can construct a wavelet set. The purpose of this paper is to consider a

different approach to the construction of (dyadic) wavelet sets which is purely set theoretic.
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2. PRELIMINARY RESULTS

We denote by p the Lebesgue measure on IR. The L?space with respect to pu will be
written simply as L?(IR). An orthonormal wavelet is (cf. [9]) a function w € L*(IR) for
which the family of functions {w;};kez defined by

(1) w;ik(s) = 22w(2Ys —k), seR, j ke,

is an orthonormal basis for L?(IR).

We say that a measurable subset W of IR is a wawvelet set if \/I(—W)XW = w, where w is
I

a wavelet in L?(IR) and @ is the Fourier-Plancherel transform on L?(IR) of the function w
and which for f € L'(IR) N L?(IR) is defined by
~ 1

flo) = — /IR e f()du(t), xR,

One of the simplest examples of wavelet sets is the Littlewood-Paley wavelet set £ :=

[—2m, —7) U [m,27). A less obvious example is the following union of eight intervals

47 br U 2T U St 0w U A7 27

37 4 T3 8 2 73
U 3 U A7 117 U l4 327 U 117 6

—. 7 — — T, — —. 67 ).

4’ 378 T 2’

The next result was announced independently in [12] and [9] and it is definitely the first
step in a better understanding of the notion of a wavelet set. We refer the reader to [17]
for a proof of this proposition. In order to state the result let us introduce some notation.
Let 7 : R — E be the function defined by 7(x) = x + 2j7, where j is the unique integer
satisfying x + 2j7 € E and let § : IR\{0} — E be the map defined by §(x) = 2*x, where k

is the unique integer for which 2%z ¢ E.

PROPOSITION 2.1. The following conditions are equivalent for any measurable subset W
of R :
(i) W is a wavelet set,
(i) there exists a set W' such that W' =W a.e., the family of sets {W' + 2k7}rem is a
partition of R and, at the same time, the family {2*W'}ven is a partition of IR\ {0},
(ili) there exists a set W such that W" =W a.e. and Ty, opyn : W' — E are measurable

bijections.

In [17] a wavelet set having the property of W’ in (ii) (or equivalently the property of W”

in (iil)) was called regularized. Let us denote by WS the class of all wavelet sets.
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The class WS is very rich. In [19] it was shown that every point zo € IR\ {0} contains
a neighborhood which is a part of a wavelet set. In [21] it was proved that WS is path-
connected (in the norm topology on L*(IR) when WS is naturally impedded in L*(IR)). Tt
was shown in [13] that WS becomes a complete metric space (WS, d) with the metric:

3) awi v =i g W+ ([ )
woywy |
where Wy 7 Wy = (W \ W) U (W2 \ Wy). In spite of this richness, it is not very obvious
how would one construct a wavelet set.
Thus by part (iii) of this proposition, we can associate with every W € WS a measurable
bijection on £ defined by

(4) hW = T|W// (0] (5|W”)_1-
Since by definition, this map is essentially uniquely determined by W we simply denoted it
by hy. It turns out that the conjugation hy := o hy o &1 : [0,1) — [0,1) of Ay, by the

function ¢ : E — [0, 1) defined by
T

5 ¢ € [m,2m),

5) (=9
—+1, x€[-2m—mn),
27

takes a simpler form than Ay .

DEFINITION 2.2. For every wavelet set W the map ﬁw constructed as above is called an

wavelet induced isomorphisms of [0,1).

We have the following characterization of the class of wavelet sets in terms of the corre-

sponding maps ﬁW.

PROPOSITION 2.3. Let W € WS and TLW be defined as above. Then the map EW has the
following properties:
(i) hw is a measurable bijection of [0,1),
(ii) there exists a measurable partition {Ap}rez of [5,1) and a measurable partition
{Bg }rez of [0, %), such that
12Fx|, x€ Ay, k€,

(6) () =
|28z —1)], 2 € By, ke X,

where || denotes the fractional part of the real number x.
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(iii) if h is a map satisfying (i) and (i7) then there exists a wavelet set W such h = hy;
(iv) for two wavelet sets Wy and W2~w€ have EVl NWy = (5@1 0 Q) = 5@2 0 £71(Q),
a.e. [u], where Q@ ={x € [0,1) : hw,(z) = hw,(z)}.

PROOF. One can easily check that 7(t) = {7 '(|5=]) for every ¢t € IR. First, let us
observe that if € [3,1) then u = £ !(x) = 27z and let us write 0~ (u) = 2~u with k € Z.
Hence, using the formula mentioned above, we have 7(2%u) = {’1([2;—;J) = ¢ 1(|2%x]). Thus
T () = € (2u)) = (2% .

If x € [0,1/2), then u = £ (z) = 2n(x — 1) and if we write §~!(u) = 2*u with k € Z, we
get Ew(x) = &(mw(2Fu)) = L22k—7r“J = |2%(z — 1)|. This proves claim (ii) of the proposition.

To prove claim (iii), let us consider that h has the properties (i) and (i7) and we denote
hi = ¢tohoé&: E — E. Because of (6), we obtain that for every x € E there exist
k(x), I(x) € Z such that hy(r) = 2@z 4 2[(z)7. By the assumptions on h the maps
x — k(z),  — I(r) are measurable. Then we define ¢ : £ — IR by ¢(z) = 2*@z, 2 € E,
and W := ¢(F). Clearly, W is a measurable set, ¢ is one-to-one and (djy/) ™" = ¢. Finally
we define o : W — E by o(y) =y + 2I(¢»"!(y))7. Then one can check that h; = ¢ o1 and
o(y) = Tw(y), y € W. Since h; is one-to-one and 1 is onto it follows that ¢ is one-to-one.
Also, ¢ is onto since h; is. By Proposition 2.1 it follows that W is a wavelet set. According
to (4) and using the above facts it follows that hy = h; and so hw = h.

To prove (iv) let us show the equality in question by double inclusion. For y € Wy N W;
we have s := djw, (y) = w,(y) = 6(y). Then y = 5@1(5) = 5‘;&2(3). Let us denote £(s)
by u. In other words s = £ '(u). This lets us write y = 5‘;[}1 o & Hu) = 5@2 o & (u).
This means that we need to check that u € {z € [0,1) : hy, () = hw,(x)} or equivalently
u € {&(t) : t € E, hw,(t) = hwy(t)}. Since u = £(s) we need to see why is it true that
hw, (s) = hw,(s). Using (4) this last equality is the same as 7w, (y) = 7w, (y) which is true.
This argument shows that W, N W, C (55,[}1 0 &HQ) and Wy N W, C (5@2 o &HQ).

For the opposite inclusion let us start with y = 5@1 o £71(u) where u satisfies hyy, (u) =
hw,(u). As before we let s := £'(u). This implies hw, (s) = hw,(s) or mjw, o 5@1(8) =
Tiw, © 6@2(5). Taking in account that 7(¢1) = 7(t2) implies ¢; = t5 + 2k7 for some k € Z we
obtain that 5‘;&1(3) = 5‘;&2(3) + 2km, k € Z. Let 5@1(3) = 2"s and 5@2(3) = 2™s, for some

m and n € Z. If n # m then s = Qfljgm. It is clear that the set

2l o . .
(7) f={2i_2j:z,J,l€Z,l%J}
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is countable and so it has measure zero. Assuming that s ¢ F, we get n = m and k = 0

which implies y = 5@1 ol Hu) = 5‘;‘}1(5) = 5‘;[}2(5) € Wiy N Wy, This argument proves that

5@105_1(9)\.?.CW1HW2 and 6@205_1(9)\‘?‘CW1QW2~ |
For the wavelet set S defined by (2), we computed the map hg and obtained

(12w -1)] on %L%)lJ{g,%>,
1222] on E%)u [%%)
127%2] on E;)u{Zl)

o o (28

One can check that this map is a measurable bijection from [0, 1) into [0,1). The graph

of it is included below.

We denote the class of all wavelet induced isomorphisms by WZ. The wavelet induced
map for and wavelet set played an important role in the series of papers [1], [2] and [17].
One essential hypothesis that we needed in these works was the existence of a measurable
cross section for the isomorphism (i.e. a measurable set which contains exactly one point
from each orbit of the isomorphism). This existence was partially solved in [1] but it is
still an open conjecture in the general situation. In this paper we have no need for such an
assumption. However, we obtain almost the same type path of wavelets in Theorem 3.5 as

in [17]. By Proposition 2.3 every map in WZ can be expressed as in (6).

3. THE SCHRODER-CANTOR-BERNSTEIN CONSTRUCTION

Let WZ, be the class of all measurable maps f : [0,1) — [0,1) that are defined by a
measurable partition {Ay}rew of [3,1) and a measurable partition {By}ren of [0,1), such

that

xZ

ﬁ) S Aka k Z 17
(9) fz) =

rz—1
ok
The following is a simple consequence of the above definition.

+1, v€ By, k> 1.
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LEMMA 3.1. Every function f € W1y is one-to-one and p(f(o)) < %,u(a) for every

measurable subset o of [0,1).

PROOF. Let xy,29 € [0,1), 1 # 3. We need to analyze essentially four cases. If
x1, To € Ay or x1, x9 € By for some k > 1 clearly f(z1) # f(xq). If 27 € Ay and 5 € By for
some k,l > 1 then f(xs) = (z2—1)/2'+1>1/2 > f(z1). Suppose now z; € Ay and x5 € A
for k > 1 > 1. In this case 71, 2o > 1/2 and so f(zy) = 25/2" > 1/241 > 1/2%F > f(xy).
Finally, if 21 € By and x5 € By for some k > [ > 1 we have x1, x5 € [0,1/2). Hence,
flmg) = (22— 1)/2'+1 <1 —1/2F1 <1 —1/2F < f(my).

For the second part of this lemma let us observe that we can write ¢ as a disjoint union
0 = Ups1 00U, 0, Where 0, = 0 N A,, 0, = 0 N B,, n € IN. Clearly, u(f(0,)) <

n

(1/2)p(o,) and p(f(o),)) < (1/2)u(o),) for all n € IN. Adding up all these inequalities we

obtain that u(f(c)) < u(o) for every measurable set o. [
We introduce now the class WZ, of all measurable one-to-one maps ¢ : [0,1) — [0,1) so

l
that for every x € [0, 1) there exist k,l € Z, k,l > 0 such that g(x) = x; . We remind the

reader the following fact from set theory known as the Schroder-Cantor-Bernstein theorem.

PROPOSITION 3.2. (Schréder-Cantor-Bernstein) Let A and B two arbitrary sets,
u:A— Bandv:B — A be two one-to-one maps. Then the map uov: A — B defined by

u(z) for xEU(’uou)k(A\v(B)),

;

(10)  (uow)(z) =

vl @) for ze | JwouwF(w(B)\ (vou)(A) U ()(vou)(A),
k=0 k=0

\

1S a bijection.

Remark. It is easy to see that the inverse function of u ¢ v given as in (10) is in fact v ¢ u.
We are now ready for the main result of this note. This next theorem has almost the flavor

of a factorization theorem.

THEOREM 3.3. Every wavelet induced isomorphism h is the result of the Schroder-
Cantor-Bernstein construction, i.e. h =uov a.e. for some u € WI; and v € WIy where ©
is defined in (10). Conversely, every map u <o v with u € WI; and v € WZ, is an wavelet

induced isomorphism. (The writing h = u o v is in general not unique.)

PrROOF. The last part of the theorem follows from the Proposition 2.2 and the fact that

u o v is by construction a measurable bijection of the form (ii) in Proposition 2.2. To show
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the first part, let us start with A € WZ and define D; be the measurable set of all z € [0,1)
for which the & in the definition (6) is a negative integer. We let u(z) = h(x) for x € D, and
extend u to Dy = [0, 1) \ Dy such that v € WIZ,;. This extension is not unique but it can be

easily constructed. (For instance, for the map given in (8) we can take

-1 1
z 4+1 on {0,—),

(11) u(x) =

| R
)
=
1
N | —
—_
~

in which case D; = [O, %) U [%, %) U [%, %) U [%, 1)) To continue the proof, let Ry := u(D;)
and Ry := [0,1) \ R;. Next we define v on Ry as v(x) = h™(z) (x € Ry). Let us observe
that v is defined in accordance to the properties of the maps in WZ,. We will show next

that v can be extended to [0, 1) in such a way that v € WZ,. (In the case of the map defined

by (6) we take
( 1
r+3 on [0’ _) |

4 4

2 4’2 8 4)’
T on 1§ U Z1
278 87 b

| 2 4'8)"

which is just one of the various extentions that one may choose from.)

(12) v(z) = <

Getting back to the general situation, it turns out that independently of what extentions
one might consider for u and v, the map u ¢ v constructed as in (10) is the same as h a.e.

The following lemma solves the existence of the extension v.

LEMMA 3.4. The map v : Ry — [0,1) defined by v(x) = h™(z) (z € Ry) can be extended
to a map in W1I,.

PROOF. Let us define the extension inductively in the following way. First we just pick
a bijection ¢ : IN — {(k,1) : k,l € NU{0}}. For n € IN we denote by ¢1(n) [resp. pa(n)]
the first component [resp. second component| of ¢(n). Then the initial step is to extend v
to By := Ry U Fy where Fy == {z € [0,1)\ Ry : (z+ ¢1(1))/292M) € [0,1) \ v(Rs)}. (Clearly
Fy may be empty.) In any case we define v;(z) = (z + ¢1(1))/272) for all x € F} and
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v1(z) = v(z) for x € Ry. Suppose we defined v, on E, := E,_; U F), as an extension of
Up—1. Let v,41 be the extension of v, to E, 1 := E, U F,,; where F,, ;1 :={x € [0,1)\ E, :
(z + p1(n+1))/2¢2+) € [0,1) \ v, (E,)} defined as v,41(2) = (x + p1(n + 1))/2920+) for
all x € F,,11. By the way these extensions are constructed it is easy to see that each v, is a
one-to-one map. If for some n € IN we have E,, = [0,1) a.e., then the proof is finished since
v, would be the extension we were looking for.

We may assume then that u([0,1) \ E,) > 0 for every n € IN. In this case we let
Ey = UX | E, and define the extension v of v to E in the usual way: v(z) = v,(x) if
xr € E,. Because v, is an extension of v, the map v is well defined. We claim that
E. =10,1) a.e. in which case then v € WT, is the extension we want.

In order to prove this claim we proceed by way of contradiction and assume that p(U) > 0
where U := [0,1)\ E. One can easily show, using similar arguments to those in the proof of
Lemma 3.1, that p(v(Fw)) < p(Fs). This shows that p(V) > 0 where V :=[0,1) \ v(E).
Obviously, U and V' are measurable sets. It is known (see [20]) that the transformation
T(x) = |2x] is an ergodic transformation on [0,1) with respect to an invariant measure
which is equivalent to Lebesgue measure. This implies that u(T*(V) N U) > 0 for some
k € IN. Equivalently we have u((28V —1)NU) > 0 for some [ € INU{0}. Let us write U for
the set (28V — 1) N U. We have (z +1)/2F € V for every = € U. If we let n := o ~(k,1) it
follows that U C E,NU which contradicts the fact that E,NU =0 (E, C Ex =[0,1)\U). m

Returning to the proof of the Theorem 3.3 let v € WZ; and v € WZ, be the maps
constructed as above. We need to show that uov = h almost everywhere. Since Ry := u(D;)
and up, = hyp, it follows that h~!(R;) = D; and h™'(R,) = Ds since h is one-to-one. Hence,
v(Ra) = h"'(Ry) = D,. Since u and v are one-to-one maps, it follows that u(Dy) C R
and v(Ry) C D;. Let S = [0,1) \ v([0,1)). Clearly S C D;. Thus, u(S) C R; and then
(vou)(S) C D;. Inductively it follows that all the sets (vou)*(S), k € NUO, are contained
in D;. Therefore for x € |J,~,(v o u)*(S) according to (10) we have uov(x) = u(z) = h(z).

Let N = v([0,1)) \ (vo 7;)([0, 1)). Clearly N' C R, and inductively it follows that all
the sets (vou)*(N) C Ry. Thus, for & € [J,5,(v o u)*(N) we have uov(z) = v~ (z) =
(k™) (x) = h(x). :

Using Lemma 3.1 we observe that the set [),-,(vou)*([0,1)) must have Lebesgue measure
zero. Hence u ¢ v = h almost everywhere. ) [ ]
Remark. If v = id then u ¢ v = id. We will use this fact to obtain as a corollary the result
of Speegle in [21]. The convergence seems to be in a stronger metric but in fact the two

metrics are equivalent on the class of wavelets.
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THEOREM 3.5. For every two wavelet sets Wy and Wy one can find a chain of wavelet
sets {Wy i) connecting them and such that d(W,, W) — 0 if t — s where the metric d is
given by (3).

PROOF. It is obvious that we just need to consider the case W; = E (the Littlewood-
Paley wavelet set). Denote Wy simply by W and let h := hy be the wavelet induced
isomorphism of W. According to the Theorem 3.3 we can find v € WZ; and v € W1,
such that u o v = h almost everywhere. The idea of our proof is to connect v with id by a
continuous chain of maps in WZ, and then use the second part of Theorem 3.3 to construct

h; = u o v;. Then we just take W; the corresponding wavelet set to h;.

LEMMA 3.6. There exist a chain {v;}e01) such that vg = v, vi = id and p({z : v(z) #

vs(z)}) — 0 ast — s.

PrROOF. We may assume without loss of generality that v is not the identity function.
Hence there must exist a measurable set U C [0,1) such that u(v(U)) < p(U). Since
pu(v(L)) < p(L) for every measurable subset of [0, 1) we see that the set V' =1[0,1) \ v([0,1))
has positive Lebesgue measure. We define what is going to be the first part of our chain
by v}(z) = v(z) if r < tand x € [0,1)\V orx > ¢t and v} (z) =z if x < t and x € V.
Clearly if 0 < t < s < 1 then {x : vl(x) # vi(z)} C [t,s] and therefore u({z : v}(z) #
vl(z)} — 0 ast — s. Notice that the maps v} are by construction one-to-one and then
automatically v} € WI, for all t. The map vj is id on V and v everywhere else. Notice
that [0,1) \ (v1([0,1)) = v(V). Let us denote by Z the set of fixed points of v. We have
clearly V. N Z = () and therefore v*(V) N Z = ) for all k € N. We observe that [0,1)
can be partitioned as [0,1) = U0 " (V) U 20 0*([0,1)). Using the above observations

Z C o v*([0,1)) and since p(v(L)) < p(L)

we conclude that (1,5, v*([0,1)) \ Z has Lebesgue measure zero. Hence to finish the proof

for every measurable set contained in [0, 1)\ Z

we will extend the chain v} with a chain v? which will connect v} to the v which is id on
V Uwv(V). So, the next chain is defined by v(z) = vi(z) if z < t and z € [0,1) \ v(V) or
r>tand v}(z) =z if x <tand z € v(V). Observe that maps v? are one-to-one and so they
are in WZ,. As before the continuity of {v?}; is insured. The map v? is id on V Uv(V) and
v everywhere else. Then we continue inductively constructing v?, v},..., in a similar manner.
To end the proof we put these countably many chains together in an obvious way to form
the required chain. More precisely, we scale and glue the chains {v; }, {v?}, {v}}, ... to create

the final chain {v;} where v; = id (we allocate an interval of length 1/2 for {v}}, an interval



10 EUGEN J. IONASCU

of length 1/4 for {v?} and so on). It is easy to see that the continuity claim still holds, i.e.,
that p({z : vi(x) #vs(x)}) = 0ast — s. u

Returning to the proof of Theorem 3.5 we want to establish next the equivalent of the
distance given by (3) at the level of WZ.

LEMMA 3.7. Let hy and hy be the wavelet induced isomorphisms associated with two
wavelet sets Wi and Wy then the metric given by (3) satisfies:

(13) d(W1, Wa) = (dmp(w)'? + (2v(w)})',

1 1
where the measure v on [0, 1) is given by dv(z) = T X01/2) (x)dp(z) + ;X[l/m)(ﬂ?)dﬂ(m)

and W' = {z € [0,1) : hy'(x) # hy'(z)} and w = {z € [0,1) : hy(z) # ho(z)}.

PROOF. In order to establish (13) we observe that the property (iv) in Proposition 2.3 im-
plies that Wiz Ws = (8 0 €710, 1)) \ 0 0 € )) U (03, 0 €110, 1) \ b, 0671())
(disjoint union) where for the convenience of the reader we recall that Q = {z € [0,1) :
hi(z) = ho(z)}. Hence

HWL 7 Wa) = g (03 0 €110, D\ Q) + 1 (G5, 0 €720, 1))\ @) =
i (0, 0 €71w@)) + 1 (O, 0 €71 w))
Taking in account that w is invariant under translations and homogeneous under dilations,

e, u(tU) = tu(U) for every measurable set U and every positive real number ¢, we obtain
p(Wy sy Wa) = (7'|W1 o 5@1 o f‘l(w)> + 1 (7'|W2 o 5@2 o f‘l(w)> =
(14) 27 <€ O Tiw, © 5@1 o 5—1(w)> + 2mp (f O Tjw, © (5‘;&2 o 6—1((,9)) =
2mpt (s () + 2t (haf))
Let us observe that hi(w) = hy(w) = &' and so h™}(w') = h™}(w') = w. Indeed, hi(w) =
hi([0,1) \ 2) = [0,1) \ ~1(2) and one can easily check that hi(Q) = ' where ¥ = {x :
hit'(z) = hy'(x)}. As a result, (14) becomes

(15) p(Wr v Wa) = dmp (o).
This equality allows us to get the first term in (13). In order to obtain the second part of
(13) we begin by considering the measure on R\ {0} defined as dA(z) = 1|d,u(x). As before

fe]

we have
AWy 7 Wa) = A (5@1 0 5,1@) A <5|—W12 0 glw)) .
But A is invariant under dilations. Hence the above changes into:

(16) AWy 7 Wa) =20 (6 (w)) -
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One can easily check that Ao™! = v. Putting (15), (16), and (3) together we obtain (13). B

Returning now to the proof of Theorem 3.5 let us define {h;}1cj0,1) by by := u o vy, with v,
given by Lemma 3.6. According to Theorem 3.3 and Proposition 2.3 each h; is an wavelet
induced isomorphism which corresponds to some wavelet W;. Because hg = u ¢ v and
h1 = u¢oid we have Wy = W and W; = E. We need to introduce one more notation: for

two maps f and g having the same domain of definition let w(f, g) be defined by
(17) w(f,g) ={z: f(z) # g(x)}).

By the way {v:} was constructed if 0 < ¢ < s < 1 then w(uv, vs) is contained in an interval
of length less than s —¢. By the definition (10) we see that w(hy, hs) is contained in a set of
Lebesgue measure less than 2[(t — s)/2+ (t — s)/4+ ... + (t — 5) /2% 4+ ...] = 2(t — s) because
u is “measure contractive” is the sense of Lemma 3.1. Therefore p(w(he, hs)) — 0 ast — s
or s — t. To finish the proof we observe that v is equivalent with the Lebesgue measure on
[0,1) and h; ' = v; o u. Using the same arguments as above we have p(w(h; !, ;1)) — 0 as
t — s or s —t. Finally we use Lemma 3.7 to end the proof. [ ]

Remark. The Theorem 3.5 has the advantage of being a more constructive result than the
one in [21]. We observe also that by construction Wy C W U E for every t. This construction

is in some sense very similar to the one given in [17] where only a partial result was obtained.

THEOREM 3.8 (Garrigos-Speegle[13]). The class WS is complete in the metric given by
(3).

PROOF. Let us start with a sequence of wavelet set {W,,} which is Cauchy in the metric in

(3). Let us consider their corresponding wavelet induced isomorphisms {h, },en. According
to Lemma 3.7, we have p(w(h,, hy)) — 0 and p(w(h,*, k') — 0 as m,n — oo. Since
Jo (@) = hn(@)Pdpa(x) < p(w(Pon, hn)) and [y B (2) = Bt (@) Pdp(e) < plo(hz!, b))
it follows that h, and h;' are Cauchy sequences in L?([0,1)). Let f, g be their limits in
L?([0,1)). Passing to a subsequence we may assume that these sequences are pointwise
convergent a.e.([u]). For each n let [0,1) := U, UV, be the decomposition (partition) which
corresponds to the way we defined the maps u,, and v,, as in the Theorem 3.3 for the wavelet
induced map h,,. In other words, u,(z) = h,(z) for x € U, and v,(y) = h, ' (y) for y € h(V},,).
We remind the reader that u,, and v,, can be extended in order that u,, € WZ; and v,, € W1Z,.
For m > n we observe that (U, 7 Uy,) \ F C w(hy, hyy) where F was defined by (7) in
the proof of Proposition 2.3. Indeed, for instance if x € (U, \ U,,) \ F = U, NV, it follows
that h,(r) = u,(z) and h,,(x) = v, '(z). Since v € F we see that h,(x) # h,,(z). Hence

w(U, 7 Up) — 0 as m,n — oo. Passing again to a subsequence if necessary we may assume
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without loss of generality that yy, — Yy pointwise for some measurable subset U of [0, 1).
It follows then that u(U, sy U) — 0, u(V, v V) — 0as n — oo and xy, — xv pointwise
where V' = [0,1) \ U. It is clear that U may be empty in which case we will show that
f=g=rid If w(U) > 0 then xy,(xr) — xv(z) = 1 for almost every x € U. For such
an x € U we deduce that for some ny(z) € N if n > ng(z) it follows that x € U,. Hence
ha(2) = up(x) = |2/2"0] — f(2) or hy(a) = un(z) = [(z —1)/25M ] — f(z) with
k(x,n) € N. There are only two possibilities: k(n,z) — oo or k(n, z) is eventually constant.
We claim that for almost every = € U the sequence k(z,n) is eventually constant.

Indeed, suppose that for some subset of U of positive measure, say T, we have k(x,n) — oo
for all x € Y. Then if we fix n but keep it arbitrary it is clear from our assumption on Y that
T=U,{reT: k(z,m)> k(zx,n)}. Using the continuity of the Lebesgue measure we may
replace T with 1, , = {z € T : k(z,m) > k(x,n)} for some m such that u(Y,,,) > u(Y)/2.
Then it easy to see that Y,,, C w(hy, hy) which implies 0 < u(Y1)/2 < p(w(hy, hin)). This
contradicts the fact u(w(hp, hym)) — 0 and our claimed is proved.

We proved that for almost every z € U it follows that k(z,n) is an eventually constant
sequence. For such an z we let k(z) = lim k(z,n) € N. Then f(x) = limh,(z) =
un(z) = |2/259) | or f(z) = [(z — 1)/24®) | depending upon z € [1/2,1) or & € [0,1/2). By
Lemma 3.1, f is automatically one-to-one on U and agrees with the characterization of an
wavelet induced map in Proposition 2.3.

We consider U} = h,(U,) and V,, = h,,(V,,). Since [0,1) = U, UV}, we get [0,1) = U/ UV,
As before for m > n we observe that (V! <7 V) \ F C w(h,', h,'). Then without loss of
generality we may assume that xy, — xy pointwise for some measurable subset V' of [0, 1).
As a result xy, — Xy pointwise a.e. where U’ = [0,1) \ V'. For a.e. € U we proved that
there exist an ny(z) € N such that if n > n;(z) we have f(x) = h,(z) and = € U,. Since
hy(z) € hy(Uy,) = U}, we get xur (f(x)) = 1. Then letting n — oo we get xu/(f(z)) = 1.
This shows that f(U) = U’ almost everywhere. Therefore if (V') = 0 then it must be true
that f(U) =[0,1) a.e. ([]). But this is not possible because f is strictly contractive in the
sense of measure.

Thus, it must be true that x(V”’) > 0. As before let us take an y € V' such that xv:(y) —
Xv'(y) = 1. Thus there exists an ns(y) € N such that y € V! if n > ns(y). By Proposition 2.3
and the construction of u,, v, in Theorem 3.3 we have h_'(y) = v,(y) = (y + k(y,n))/2!&™
for some integer k(y,n) and I(y,n) € NU{0}. We now claim that for almost every y € V'

the sequence [(y,n) is eventually constant on a subsequence.
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Indeed, assuming that for some measurable subset of V', say O, with x(©) > 0, for y € ©
the sequence [(y,n) — oo. Then we make the argument as above that for fixed n but
arbitrary © = {J, {y € © : Il(y,m) > l(y,n)}. Hence, there exists ©,,, = {z € T :
k(x,m) > k(z,n)} for some m such that p(0,,,) > p#(©)/2. One can check similarly that
Omn \ F C w(h, ', h,!) which implies 0 < p(0)/2 < p(w(h, ', h')). This contradicts the
fact u(w(h, ', h1)) — 0 and our claimed is proved.

Using the claim and the fact that h_'(y) is convergent for almost every y to g(y) we see
that the sequence k(y,n) must be eventually constant for a subsequence on which I(y,n)
is eventually constant. Letting n — oo we obtain that g(y) = (y + k(y))/2(y) for some
kE(y),l(y) € N U{0}. This shows that g is in WZ,. As we argued before g(V’) = V. If
u(U) = then p(U') = and then g must be the identity since is contractive in the sense of
measure.

To finish the prove we extend f from U to [0,1) and g from V to [0,1) so that the new
maps fand g satisty: ]76 WI, and g € W1Z,. Denote h = fo ¢. Finally an argument based
on the continuity of the Lebesgue measure and the relation (10) shows that h, converges to
h. u

Remark. The proof of Theorem 3.8 although quite lengthy reveals what the convergence

in the distance (3) means at the level of wavelet sets and equivalently on WZ.

4. EXAMPLES

Consider the Journe wavelet set J := [—32%, —47T> U [—Wa _477r) Y {4%’ 7T> Y [47T’ 32%)

Then its wavelet induced function denoted by h J can be described by

(2@ —1)] on [o%)

(18) ho) =4 1222] on {%%)

\ |27'2] on [1;,1).

In this case one can choose u € WZ; defined by

27z~ 1)| on [o%)

(19) u(z) =
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2 1
:cl— on {Oi)’

z+1 11
on —
4 2’ b

and v € W1,

(20) v(z) =

such that E] =uouv.

Let us go the other way in our construction. Arguably, the simplest map u € WZ; that
one can take is given in (19) and we pick one of the simplest maps v € WZ, defined by
v(x) = /2 for all z € [0,1). Then the wavelet induced map, h = u ¢ v, that is obtained by

the Schroder-Cantor-Bernstein construction is defined by

)
l on 1,1 ,

(21) hx) =

1
2r on [0, —) \ 4,
L 3
where A = U [2n, Tni1) and the sequences {2z, }n>1, {Zn }n>1 are given by the formulae z, =

n=1

1 5 1 1

3 (1 ~ 3% 4n), Ty = 3 (1 — 4n_1). This will give rise to a wavelet set containing infinitely
—8 —8

many intervals W := [g, 7r> U {Tﬂ, —27r) U(rA—m)U ([—47r, Tﬂ) \ (ArA —4m) ). Ttis

interesting to mention that if one modifies v, as in the proof of Theorem 3.5, to v(x) = x/2
for x € [0,2/7) and v(x) = x if x € [2/7,1) then the wavelet set constructed from u and the
new v has only six intervals.

Acknowledgments. First I would like to express my thanks to Professor David Larson
for introducing me to the subject of wavelet theory years ago, and for his encouragements
that determined me to pursue this type of research. Proposition 2.3 appears just with
statement (parts (i)-(iii)) in [2] and the seed of Theorem 3.3 was the subject of discussions
with Professor E. Azoff while I was a postdoctoral associate at University of Georgia, Athens.

Hence I am greatly thankful to Professor Azoff for his collaboration and continuous support



A NEW CONSTRUCTION OF WAVELET SETS 15

during a period of more than five years. Last but not least I am thankful to the refree who
had the patience to carefully read a previous version of this paper and who pointed out to

me how to significantly improve the presentation of the material.



16

[1
[2

(3

EUGEN J. IONASCU

REFERENCES

| E. Azoff and E. Tonascu, Wandering sets for a class of Borel isomorphisms of [0,1), Journal of Fourier
Analysis and Applications, Vol. 6, 2002

] E. Azoff, E. Tonascu, D. Larson and C. Pearcy Direct paths of wavelets, to appear in Houston Journal
of Math.

] L. Baggett, H. Madina and K. Merrill Generalized multiresolution analysis and a construction procedure
for all wavelet sets in IR™, J. Fourier Analysis and Applications, 5(1999), 563-573.

] X. Dai, Y. Diao and Q. Gu, Frame Wavelet Sets in R, Proceedings of the AMS, vol. 129, 7(2000),
2045-2055.

] X. Dai, Y. Diao and Q. Gu, Subspaces with normalized tight frame wavelets in R, Proceedings of the
AMS, vol. 130, 6(2002), 1661-1667.

] X. Dai, Y. Diao, Q. Gu and D. Han, Frame wavelet sets in R9, to appear in J. Comput. Appl. Math..

[7] X. Dai, Y. Diao, Q. Gu and D. Han, Wavelets with frame multiresolution analysis, to appear in J.

Fourier Analysis and Applications.

| X. Dai, Y. Diao, Q. Gu and D. Han, The ezistence of subspace wavelet sets, to appear in J. Comput.
Appl. Math..

| X. Dai and D. Larson, Wandering vectors for unitary systems and orthogonal wavelets, Memoirs Amer.
Math. Soc.,134(1998).

| X. Dai, D. Larson and D. Speegle, Wavelets in IR™.I., J. Fourier Anal. Appl. 3(1997), 451-456.

] X. Dai, D. Larson and M. Speegle, Wavelet sets in IR™. II., Wavelets, multiwavelets, and their ap-
plications (San Diego, CA, 1997), 15-40, Contemp. Math., 216, Amer. Math. Soc., Providence, RI,
1998.

] X. Fang and X. Wang, Construction of minimally-supported-frequency wavelets, J. Fourier Anal. and
Appl. 2(1996), 315-327.

| G. Garrigos and D. Speegle, Completeness in the set of wavelets, Proc. Amer. Math. Soc. 128 (2000),
no. 4, 1157-1166.

[14] E. Hernandez, X. Wang and G. Weiss, Smoothing minimally supported frequency wavelets. I., J. Fourier

Anal. Appl. 2(1996), 329-340.

| E. Hernandez, X. Wang and G. Weiss, Smoothing minimally supported frequency wavelets. I1., J. Fourier
Anal. Appl. 3(1997), 23-41.

| E. Hernandez and G. Weiss, A first course on wavelets, Studies in Advanced Mathematics, CRC Press,
Boca Raton, FL, 1996.

[17] E. Ionascu, D. Larson and C. Pearcy, On wavelets sets, J. Fourier Analysis and Applications, J. Funct.

21

Anal.,; 157 (1998), 413-431.

| E. Ionascu, D. Larson, and C. Pearcy, On the unitary systems affiliated with orthonormal wavelet theory
in n-dimensions, J. Funct. Anal., 157(1998), 413-431.

| E. Ionascu and C. Pearcy, On subwavelet sets, Proc. Amer. Math. Soc. 126( 1998), 3549-3552.

| A. Rényi, Representations for real numbers and their ergodic properties, (English) Acta Math. Acad.
Sci. Hungar, (1957), 477-493.

| D. Speegle, The s-elementary wavelets are path-connected, Proc. Amer. Math. Soc., 127 (1999), no. 1,
223-233. MR 99b:42045

Current address: Columbus State University, 4225 University Avenue, Columbus, GA 31907
E-mail address: ionascu_eugen@ colstate.edu



